**(G) = Z x(x(x" + Q)) and pk(Q) = £ x(x* + Q), x=o 1=0 where x(f(x)) = (f(x)\p), have been studied. The connection of $2(Q) and \p¡(Q) with the representations p = a2+b2 (a = l (mod 4)) and p = s2 + 3t2 (s=l(mod 3)) of an odd prime p was established by Jacobsthal [4] and von Schrutka [6] , It follows from the results of Jacobsthal that $2(1) has the value -2a or 0 according as p = a2+b2 or p9ia2 + b2, and from the results of von Schrutka that ^3(1) has the value -2s or 0 according as p = s2 + 3t2 or p9is2 + 3t2. (An elegant development of these particular results is given in [3] .) If p = 8k + l=c2 + 2d2 (c=(-l)*+l(mod 4)), Whiteman [7] has shown that i>4( 1) = 4c. However, if p = 8k + 3 = c2 + 2d2, $4( 1 ) = 0. We shall establish a theorem for primes of the form c2 + 2d2 entirely similar to the results of Jacobsthal and von Schrutka mentioned above, and indicate some results obtained for primes of the form u2 + 5v2.
If p is a prime of the form a24-62 (6 even) and Q is a quadratic nonresidue of p, Jacobsthal showed that &2(Q)= ±26, but was unable to remove the ambiguity in sign for any specific choice of the nonresidue Q. E. Lehmer [5] has determined the sign of $2(2) if p is a prime of the form 8« 4-5. We shall determine the sign of 4>2( -3) if p is of the form 12«4-5, and for these same primes, obtain a congruence defining 6 similar to one given by Stern for primes of the form 8«4-5.
2. Three lemmas. If GF(pm) denotes the finite field of pm elements (p prime), then the following lemma is evident. Lemma 1. If p is an odd prime, 9 a nonzero element of GF(pm), and 9 is of multiplicative period e, then for s a positive integer e if s = 0 (mod e), 
ß> -1
This paper has been submitted to and accepted for publication by the Proceedings of the American Mathematical Society. It Jias been transferred to these Transactions, with the consent of the author, for technical reasons.
Presented to the Society, November 17, 1956 under the title On certain character sums and related congruences; received by the editors May 9, 1960 and, in revised form, August 1, 1960. z * = ■ If £ is an integer, and £2 -4 is a quadratic nonresidue of the odd prime p, the multiplicative period e of a root 6 of y2 -Py + 1=0 in GFip2) is greater than 2 and divides p + 1. Conversely, if the multiplicative period e of an element 0 of GFip2) is greater than 2 and divides p + 1, then for some integer £, 0 is a root of y2 -Py + l =0 with P2 -4 a quadratic nonresidue of £. If £ is an integer, and £2 -4 is a quadratic residue of p, y2 -Py + l = 0 has a root in GF(p).
Let B and 0-1 be the roots of y2-£y+l = 0 in GFip2). Then F" = ö" +0~n (m= 1, 2, • ■ • ) satisfy the recursive relation F"+2 = £Fn+i-Vn and are elements of GFip), or what is equivalent, residues modulo p. From these remarks, we have Lemma 2. Let p be an odd prime, w and 6 elements of GFip2), w of multiplicative period p -1 and 6 of multiplicative period p + 1. Let Fi(x) =x, F2(x) =x2 -2, and F"+2(
G" = E XÍ«"" + w-*"), am/ 9" = £ X(6kn + fr"*").
Applying Euler's criterion to ß" and ©" in Lemma 2, we obtain Lemma 3. Let w, 0, and A" oe defined as in Lemma 2. Then
The application of these three lemmas to A3, A4, and A6 leads to the results mentioned in the introduction. In making this application, the following congruences involving the binomial coefficients are needed.
If p = ik + l=a2+b2 (a=l (mod 4)), (1) ( J = 2a (mod p) (Gauss). If p = 8k -3, we obtain
and hence A4= -1 (mod p).
If p = 8&4-1, we obtain 5. A5. The proof of Theorem 3 suggests a similar application of our lemmas to As= Zi-ô x(*(*4 -5x24-5)), the relevant congruences now being (1), (4), and (5). This yields a result similar to Theorem 3, but less complete. We omit the details of the proof but state the result as Remark. It would be interesting to obtain proofs of Theorems 3 and 4 independent of congruences involving the binomial coefficients. The congruences (2) and (3) would then follow as corollaries to Theorem 3. Several proofs of (2) have been given, but as far as the writer knows, the proof of (3) given by Eisenstein is the only one appearing in the literature.
